Abstract. We study the ergodic properties of eigenfunctions of Schrödinger operators on a closed connected Riemannian manifold M in case that the underlying Hamiltonian system possesses certain symmetries. More precisely, let M carry an isometric effective action of a compact connected Lie group G. We prove an equivariant quantum ergodicity theorem assuming that the symmetry-reduced Hamiltonian flow on the principal stratum of the singular symplectic reduction of M is ergodic. We deduce the theorem by proving an equivariant version of the semiclassical Weyl law, relying on recent results on singular equivariant asymptotics. It implies an equivariant version of the ShnirelmanZelditch-Colin-de-Verdière theorem, as well as a representation theoretic equidistribution theorem. In case that G is trivial, one recovers the classical results.
1. Introduction 1.1. General background. Let M be a closed connected Riemannian manifold of dimension n with Riemannian volume density dM , and denote by ∆ the Laplace-Beltrami operator on M with domain C ∞ (M ). One of the central problems of ergodic theory is to study the properties of eigenfunctions of −∆ in the limit of large eigenvalues. Concretely, let {u j } be an orthonormal basis of L 2 (M ) of eigenfunctions of −∆ with respective eigenvalues {E j }, repeated according to their multiplicity. As E j → ∞, one is interested among other things in the pointwise convergence of the u j , bounds of the L p -norms of the u j for 1 ≤ p ≤ ∞, and the weak convergence of the measures |u j | 2 dM . The last mentioned problem has been studied extensively for chaotic systems, one of the central results being the quantum ergodicity theorem, which goes back to work of Shnirelman [31] , Zelditch [37] , and Colin de Verdière [9] . The guiding idea behind is the correspondence principle of semiclassical physics. To explain this in more detail, consider the unit co-sphere bundle S * M , which corresponds to the phase space of a classical free particle moving with constant absolute momentum. Each point in S * M represents a state of the classical system, its motion being given by the geodesic flow in S * M , and classical observables correspond to functions a ∈ C ∞ (S * M ). On the other hand, by the Kopenhagen interpretation of quantum mechanics, quantum observables correspond to self-adjoint operators A in the Hilbert space L 2 (M ). The elements ψ ∈ L 2 (M ) are interpreted as states of the quantum mechanical system, and the expectation value for measuring the property A while the system is in the state ψ is given by Aψ, ψ L 2 (M ) . The transition between the classical and the quantum-mechanical picture is given by a quantization map
where Op (a) is a pseudodifferential operator in L 2 (M ) depending on Planck's constant and the particular choice of the map Op , and S l (M ) ⊂ C ∞ (T * M ) denotes a suitable space of symbol functions. The correspondence principle then says that, in the limit of high energies, the quantum mechanical system should behave more and more like the corresponding classical system. Now, consider the distributions
If it exists, the distribution limit µ = lim j→∞ µ j constitutes a so-called quantum limit for the eigenfunction sequence {u j }. Furthermore, the probability measure on S * M defined by a quantum limit is invariant under the geodesic flow and independent of the choice of Op . Since the measure µ projects to a weak limitμ of the measuresμ j = |u j | 2 dM , it is called a microlocal lift ofμ, and one can reduce the study of the measuresμ to the classification of quantum limits. The quantum ergodicity theorem then says that if the geodesic flow on S * M is ergodic with respect to the Liouville measure d(S * M ), then there exists a subsequence {u j k } k∈N of density 1 such that the µ j k converge to d(S * M ) as distributions, and consequently the measuresμ j k converge weakly to dM . Intuitively, the geodesic flow being ergodic means that the geodesics are distributed on S * M in a sufficiently chaotic way, and this equidistribution of trajectories in the classical system implies asymptotic equidistribution for a density 1 subsequence of states of the corresponding quantum system.
A large class of manifolds whose geodesic flow is ergodic are closed manifolds with negative sectional curvature [15, 4] , and one of the main conjectures in ergodic theory is the Rudnick-Sarnak conjecture on quantum unique ergodicity (QUE) [29] , which says that if M has negative sectional curvature, the whole sequence |u j | 2 dM converges weakly to the normalized Riemannian measure (vol M ) −1 dM as j → ∞. It has been verified in certain arithmetic situations by Lindenstrauss [22] , but in general, the conjecture is still very open. Sequences of eigenfunctions with a quantum limit different from the Liouville measure are called exceptional subsequences, and it has been shown by Jacobson and Zelditch [18] that any flow-invariant measure on the unit co-sphere bundle of a standard n-sphere occurs as a quantum limit for the Laplacian, showing that the family of exceptional subsequences for the Laplacian can be quite large if the geodesic flow fails to be ergodic. However, it was shown by Faure, Nonnenmacher, and de Bièvre [13] that ergodicity of the geodesic flow alone is not sufficient to rule out the existence of exceptional subsequences for particular elliptic operators.
Problem and methods.
In this article, we will address the problem of determining quantum limits for sequences of eigenfunctions of Schrödinger operators in case that the underlying classical system possesses certain symmetries. Due to the presence of conserved quantitites, the corresponding Hamiltonian flow will in parts be integrable, and not totally chaotic, in contrast to the hitherto examined chaotic systems.
The question is then how this partially chaotic behavior is reflected in the ergodic properties of the eigenfunctions.
To explain things more precisely, let G be a compact connected Lie group that acts effectively and isometrically on M . Note that there might be orbits of different dimensions, and that the orbit space M/G may not be a manifold. Let ∆ be the Laplace-Beltrami operator on M , and consider the Schrödinger operatoȓ
with a G-invariant potential V ∈ C ∞ (M, R). The Schrödinger operatorP (h) has a unique self-adjoint extension as an unbounded operator in L 2 (M )
where H 2 (M ) ⊂ L 2 (M ) denotes the second Sobolev space, and one calls P (h) a Schrödinger operator, too. For each h > 0, the spectrum of P (h) is discrete and bounded from below, and its eigenvalues form a sequence unbounded towards +∞. When studying the spectral asymptotics of Schrödinger operators, one often uses the semiclassical method. Instead of studying the spectral properties of P (h) for fixed h = and high energies, one considers fixed energy intervals, allowing h > 0 to become small. The two methods are essentially equivalent. In the special case V ≡ 0, the Schrödinger operator is just a rescaled version of −∆ so that the semiclassical method can be used to study the spectral asymptotics of the Laplace-Beltrami operator. Now, since P (h) commutes with the G-action, one can use representation theory to study the spectrum of P (h) in a more refined way. Indeed, by the Peter-Weyl theorem, the left-regular representation of G on L 2 (M ) has an orthogonal decomposition into isotypic components given by
with associated orthogonal projections T χ :
Since P (h) commutes with each T χ , we can consider the restricted operators
, and study their spectral asymptotics. Conversely, each eigenspace of the Schrödinger operator P (h) constitutes a unitary G-module, and its decomposition into a direct sum of irreducible G-representations represents the so-called fine structure of the spectrum of P (h). Note that, so far, it is a priori irrelevant whether the group action has various different orbit types or not. On the other hand, the principal symbol of the Schrödinger operator is given by the G-invariant symbol function p : T * M → R, (x, ξ) → ξ 2 x + V (x), and represents a Hamiltonian on the co-tangent bundle T * M with canonical symplectic form ω. It defines a Hamiltonian flow ϕ t : T * M → T * M , which in the special case V ≡ 0 corresponds to the geodesic flow on T * M . Consider now for a regular value c of p the hypersurface Σ c := p −1 ({c}) ⊂ T * M . It is invariant under the Hamiltonian flow ϕ t , and carries a canonical hypersurface measure dΣ c induced by ω. In the special case Σ c = S * M , dΣ c = d(S * M ) is commonly called the Liouville measure. Now, ϕ t cannot be ergodic on (Σ c , dΣ c ) due to the presence of symmetries. To describe the ergodic properties of the system, it is therefore convenient to divide out the symmetries, which can be done by performing a procedure called symplectic reduction. The latter is based on the fundamental fact that the presence of conserved quantities or first integrals of motion leads to elimination of variables, and reduces the given configuration space with its symmetries to a lower-dimensional one, in which the degeneracies and the conserved quantitites have been eliminated [25] . Namely, let J : T * M → g * denote the momentum map of the Hamiltonian G-action on T * M , which represents the conserved quantitites of the system, and consider the space Ω = J −1 ({0}), as well as the topological quotient space Ω := Ω/G. In contrast to the situation encountered in the Peter-Weyl theorem, the orbit structure of the underlying G-action on M is not at all irrelevant for the symplectic reduction. Indeed, if the G-action is not free the space Ω need not be a manifold. Nevertheless, Ω and Ω are stratified spaces, where each stratum is a smooth manifold that consists of orbits of one particular type. In particular, Ω and Ω each have a principal stratum Ω reg and Ω reg , respectively, which is the connected smooth manifold consisting of (the union of) all orbits with minimal isotropy type. Moreover, Ω reg carries a canonical symplectic structure, and the Hamiltonian flow on T * M induces a flow ϕ t : Ω reg → Ω reg , which is the Hamiltonian flow associated to the reduced Hamiltonian p : Ω reg → R induced by p. One calls ϕ t the reduced Hamiltonian flow.
Since the orbit projection Ω reg → Ω reg is a submersion, c is also a regular value of the reduced symbol function p, and we define Σ c := p −1 ({c}) ⊂ Ω reg . Similarly to (Σ c , dΣ c ), the smooth hypersurface Σ c carries a measure d Σ c induced by the symplectic form on Ω reg , and one can interpret the measure space ( Σ c , d Σ c ) as the symplectic reduction of the measure space (Σ c , dΣ c ). Now, assume that the reduced Hamiltonian flow ϕ t is ergodic on ( Σ c , d Σ c ). Consider further an orthonormal basis u χ j (h) of a specific isotypic component L 2 χ (M ) consisting of eigenfunctions of P (h). It is then a natural question whether there is a non-trivial family of sets {Λ(h)} h>0 , Λ(h) ⊂ N, such that the distributions
converge, as j ∈ Λ(h) and h → 0, to a distribution limit with density 1, which would answer the corresponding question for the measures |u χ j (h)| 2 dM . In particular, in the special case V ≡ 0, c = 1, the problem is equivalent to finding quantum limits for sequences of eigenfunctions of the LaplaceBeltrami operator in each isotypic component of L 2 (M ). The general idea behind our approach can be summarized as follows. The existence of symmetries of a classical Hamiltonian system implies the existence of conserved quantitites and partial integrability of the Hamiltonian flow, forcing the system to behave less chaotically. Symplectic reduction divides out the symmetries, and hence, order, and allows to study the symmetry-reduced ergodic properties of the corresponding quantum system. In particular, eigenfunctions should reflect the partially chaotic behavior of the classical system. In our approach, we shall combine well-known methods from semiclassical analysis and symplectic reduction with results on singular equivariant asymptotics recently developed in [27] . In case of the Laplacian, it would also be possible to study the problem via the original high-energy approach of Shnirelman, Zelditch and Colin de Verdière.
Main results.
To describe our results, we need to fix some additional notation. Let H be a principal isotropy group of the G-action and κ the dimension of the principal orbits. Throughout the whole paper we shall assume κ < n = dim M . Further, let d χ be the dimension of an irreducible Grepresentation of isomorphism class χ ∈ G and [π χ| H : 1] the multiplicity of the trivial representation in the H-representation π χ|H . For m ∈ R, denote by Ψ , and assume that b ∈ S 0 (M ) is independent of h. Let c ∈ R be a regular value of the symbol function p. Then, for each β ∈ 0, 1 2(κ+2) and χ ∈ G one has
where µ c is the canonical hypersurface measure on Σ c ∩ Ω reg , vol O (η) := vol O η denotes the function which assigns to a point η the Riemannian volume of its orbit O η := G · η, and Λ ∈ N is bounded by the number of orbit types.
Result 1 relies on an equivariant trace formula for Schrödinger operators with remainder estimate which is the content of Theorem 3.1. Its proof reduces to the asymptotic description of certain oscillatory integrals that have recently been studied in [27] using resolution of singularities. The involved phase functions are given in terms of the underlying G-action on M , and if singular orbits occur, the corresponding critical sets are no longer smooth, so that a partial desingularization process has to be implemented in order to obtain asymptotics with remainder estimates via the stationary phase principle. Relying on Result 1, and after studying symmetry-reduced classical ergodicity, we obtain Result 2 (Equivariant quantum ergodicity for Schrödinger operators, Theorem 6.4). Let c ∈ R be a regular value of the symbol function p, and suppose that the reduced flow ϕ t is ergodic on
2(κ+2) be fixed, and set
Then there is a h 0 > 0 such that for each h ∈ (0, h 0 ] we have a subset
and for each A ∈ Ψ 0 h (M ) with principal symbol σ(A) = [a], given by an h-independent symbol function a, the following holds. For all ε > 0 there is a h ε ∈ (0, h 0 ] such that
Let us remark that the remainder estimate in Result 1, and consequently the desingularization process implemented in [27] , are crucial in obtaining the sharp energy localization
In the special case of the Laplacian, Result 2 becomes an equivariant version of the classical quantum ergodicity theorem of Shnirelman [31] , Zelditch [37] , and Colin de Verdière [9] , yielding Result 3 (Equivariant quantum limits for the Laplacian, Theorem 7.1). Assume that the reduced geodesic flow is ergodic, and choose χ ∈ G. Let {u
where we wrote Op for Op 1 , which is the ordinary non-semiclassical quantization, and µ for µ 1 .
The obtained quantum limits (vol
describe the ergodic properties of the eigenfunctions in the presence of symmetries, and are the answer to our initial question. They are singular measures since they are supported on Σ c ∩ Ω reg , which is a submanifold of Σ c of codimension κ. In fact, they correspond to Liouville measures on the unit co-sphere bundle of the space of principal orbits in M , see Theorem 7.1.
Projecting from S * M ∩ Ω reg onto M and generalizing to continuous functions, we immediately get the weak convergence of measures
which describes the asymptotic equidistribution of the eigenfunctions in the presence of symmetries, see Corollary 7.4. Note that the fact that the reduced and the non-reduced flow cannot be simultaneously ergodic is consistent with the QUE conjecture, since otherwise our results would, in principle, imply the existence of exceptional subsequences for ergodic geodesic flows. In this sense, our results can be understood as complementary to the previously known results. From Corollary 7.4 one can deduce a statement on convergence of measures on the topological Hausdorff space M/G, see Corollary 7.5, and applying some elementary representation theory we infer
Result 4 (Representation-theoretic equidistribution theorem, Theorem 7.7). Assume that the reduced geodesic flow is ergodic, and let χ ∈ G. By the spectral theorem, choose an orthogonal decomposition L 
is independent of the choice of v i . Then, there is a subsequence {V χ i k } k∈N of density 1 in {V χ i } i∈N such that we have the weak convergence
where d M/G := π * dM is the pushforward measure defined by the orbit projection π : M → M/G and vol : M/G → (0, ∞) assigns to an orbit its volume.
Note that Result 4 is a statement about limits of representations, or multiplicities, and not eigenfunctions, since it assigns to each χ-isotypic G-module in L 2 (M ) a measure on M/G, and then considers the weak convergence of those measures. In essence, it can therefore be regarded as a representationtheoretic statement in which the spectral theory for the Laplacian only enters in choosing a concrete decomposition of each isotypic component. In the case of the trivial group G = {e}, there is only one isotypic component in L 2 (M ), associated to the trivial representation, and choosing the family {V χ i } i∈N is equivalent to choosing a Hilbert basis of L 2 (M ) of eigenfunctions of the Laplace-Beltrami operator. Result 4 then reduces to the classical equidistribution theorem for the Laplacian.
Examples. Section 8 contains a few concrete examples to illustrate our results. They include
• compact locally symmetric spaces Y := Γ\G/K, where G is a connected semisimple Lie group with finite center, Γ a torsion-free co-compact subgroup, and K a maximal compact subgroup; • all surfaces of revolution diffeomorphic to the 2-sphere;
• S 3 -invariant metrics on the 4-sphere.
In the first case, the reduced geodesic flow on M = X := Γ\G coincides with the geodesic flow on Y and is ergodic, since Y has negative sectional curvature. Furthermore, K acts freely on X with constant orbit volume. Our results recover the Shnirelman-Zelditch-
K , and generalize it to non-trivial isotypic components of L 2 (X). In the examples of the 2-and 4-dimensional spheres, the considered actions have two fixed points, and the reduced geodesic flow is ergodic for topological reasons, regardless of the choice of invariant Riemannian metric and in spite of the fact that the geodesic flow can be totally integrable. Since the eigenfunctions of the Laplacian on the standard 2-sphere -the spherical harmonics -are well understood, we can independently verify Result 4 in this case. 
It is then an obvious question how these two results are related. The answer is rather difficult in general, since -in spite of the presence of the group action -the geometry of M may be much more complicated than that of M . Consequently, the eigenfunctions of ∆ M , even those in the trivial isotypic component, that is, those that are G-invariant, may be much harder to understand than the eigenfunctions of ∆ M . Only in case that all orbits are totally geodesic or minimal submanifolds, or, more generally, do all have the same volume, one can show that an eigenfunction of ∆ M lifts to a unique G-invariant eigenfunction of ∆ M [35, 5, 1] . In this particular situation, it is easy to see that the application of the Shnirelman-Zelditch-Colin-de-Verdière equidistribution theorem implies our results, but only for the trivial isotypic component. The case of a compact locally symmetric space treated in Section 8.1 is an example of this. In cases where the orbit volume is not constant, we do not know of any significant results about the relation between the eigenfunctions of ∆ M and ∆ M .
A second previously studied case is that of a general free G-action, when the projection M → M/G is a Riemannian principal G-bundle. Extending work of Schrader and Taylor [30] , Zelditch [38] obtained quantum limits for sequences of eigenfunctions of ∆ M in so-called fuzzy ladders. These are subspaces of L 2 (M ) contained in a whole sequence of isotypic components, namely those associated to a ray of representations originating from some chosen χ ∈ G. The obtained quantums limit are then directly related to the symplectic orbit reduction
where O χ ⊂ g * is the co-adjoint orbit associated to χ by the Borel-Weil theorem. They are given by Liouville measures on hypersurfaces in J −1 (O χ )/G, and essentially agree with ours. Thirdly, significant efforts were recently made towards the understanding of quantum (unique) ergodicity for locally symmetric spaces, which are particular manifolds of negative sectional curvature. As before, let G be a connected, semisimple Lie group with finite center, G = KAN an Iwasawa decomposition of G, and Γ a torsion-free, discrete subgroup in G. Following earlier work of Zelditch and Lindenstrauss, Silberman and Venkatesh introduced in [33] certain representation theoretic lifts from Y = Γ\G/K to X = Γ\G that substitute the previously considered microlocal lifts and take into account the additional structure of locally symmetric spaces. These representation theoretic lifts should play an important role in solving the QUE conjecture, already settled by Lindenstrauss in particular cases, also for higher rank symmetric spaces. In case that Γ is co-compact, their results were generalized by Bunke and Olbrich [7] to homogeneous vector bundles X × K V χ over Y associated to equivalence classes of irreducible representations χ ∈ K of the maximal compact subgroup K. The constructed representation theoretic lifts are invariant with respect to the action of A, which corresponds to the invariance of the microlocal lifts under the geodesic flow. Since Γ has no torsion, K acts on X only with one orbit type.
Thus, in all the previously examined cases, neither exceptional nor singular orbits are present.
Finally, Marklof and O'Keefe [23] obtained quantum limits in sitations where the geodesic flow is ergodic only in certain regions of phase space. Conceptually, this is both similar and contrary to our approach, since in this case the geodesic flow is partially ergodic as well, but not due to symmetries. . The point is that for these weaker statements no remainder estimate in the semiclassical Weyl law is necessary, see Remark 6.3. Thus, in principle, these weaker results could have also been obtained in the late 1970's using heat kernel methods as in [11] or [6] . In contrast, for the stronger versions of equivariant quantum ergodicity proven in Results 2 and 3, remainder estimates in Weyl's law, and in particular the results obtained in [27] for general group actions via resolution of singularities, are necessary. However, the weaker versions would still be strong enough to imply Corollary 7.4 and Result 4. Therefore, in principle, the representation-theoretic equidistribution theorem could have been proven already when Shnirelman formulated his theorem more than 40 years ago.
As further lines of research, it would be interesting to see whether our results can be generalized to G-vector bundles, as well as manifolds with boundary and non-compact situations. Also, in view of Result 4, it might be possible to deepen our understanding of equivariant quantum ergodicity via representation theory. Finally, it seems natural to ask what could be a suitable symmetry-reduced version of the QUE conjecture, and we intend to deal with these questions in a sequel to this paper. In the particular case of the SO(2)-action on the standard 2-sphere studied in Section 8, we actually show that the representation-theoretic equidistribution theorem for the Laplacian applies to the full sequence of spherical harmonics in a fixed isotypic component, so that equivariant QUE holds in this case.
Setup and background
In this section we shall prepare some material needed in the sequel, and fix some global notation.
Actions of compact Lie groups and symplectic reduction.
In what follows, we recall some essential facts from the theory of compact Lie group actions on smooth manifolds. For a detailed introduction, we refer the reader to [3] . Let X be a smooth manifold of dimension n and G a compact Lie group acting locally smoothly on X. For x ∈ X, denote by G x the isotropy group and by G·x = O x the orbit of x so that
Note that G · x and G/G x are homeomorphic. 
The set of all orbits is denoted by X/G, and equipped with the quotient topology it becomes a compact Hausdorff space [3, We call [O max ] the principal orbit type of the G-action on X and a representing orbit a principal orbit. Similarly, we call the isotropy type (H) and an isotropy group G x ∼ H principal. Casually, we will identify orbit types with isotropy types and say an orbit of type (H) or even an orbit of type H, making no distinction between equivalence classes and their representants. The reduced space X(H)/G is a smooth manifold of dimension n − κ, where κ is the dimension of O max , since G acts with only one orbit type on X(H).
Let now (X, ω) be a connected symplectic manifold with an action of a Lie group G that leaves ω invariant. Denote by g the Lie algebra of G. Note that G acts on g via the adjoint action and on g * via the co-adjoint action. The group G is said to act on X in a Hamiltonian fashion, if for each X ∈ g there exists a C ∞ -function J X : X → R depending linearly on X such that the fundamental vector field X on X associated to X is given by the Hamiltonian vector field of J X . One then has dJ X = − X ω, and one defines the momentum map of the Hamiltonian action as the equivariant map
It is clear from the definition that a momentum map is unique up to addition of a constant function. Furthermore, for each X ∈ g the function J X is a conserved quantity or integral of motion for any G-invariant function p ∈ C ∞ (X). Indeed, let {·, ·} denote Poisson-bracket on X given by ω. Then
An important class of examples of Hamiltonian group actions is given by those actions of Lie groups on co-tangent bundles which are induced from Lie group actions on the base manifolds by dualizing the derivatives. Indeed, let M be a smooth manifold with smooth action of G and τ : X = T * M →M the co-tangent bundle, with induced G-action and with standard symplectic form ω = −dθ, where θ is the tautological or Liouville one-form on T * M . Then there is a momentum map J given explicitly by the formula
Next, let us briefly recall some central results from the theory of symplectic reduction of Marsden and Weinstein, Sjamaar, Lerman and Bates. It emerged out of classical mechanics and is based on the fundamental fact that the presence of conserved quantities or integrals of motion leads to the elimination of variables. For a detailed exposition of these facts we refer the reader to [25] . Assume that (X, ω) carries a global Hamiltonian action of G. Let J : X → g * be the corresponding momentum map, µ a value of J, and G µ the isotropy group of µ with respect to the co-adjoint action on g * . Consider further an isotropy group K ⊂ G of the G-action on X, let η ∈ J −1 ({µ}), and X η K be the connected component of X K = {ζ ∈ X : G ζ = K} containing η. We then have the following (
is a surjective submersion. (3) There exists a unique symplectic form ω
Hamiltonian vector field, and ϕ t the corresponding flow. Then ϕ t leaves invariant the components of
is Hamiltonian, and its Hamiltonian p
Remark 2.3. With the notation above we have
Let now M be a connected closed Riemannian manifold of dimension n, carrying an isometric effective action of a compact connected Lie group G. In all what follows, the principal isotropy type of the action will be denoted by (H) and the dimension of the principal orbits in M by κ. Furthermore, we shall always assume that κ < n, and write
where J : T * M → g * is the momentum map associated to the G-action on T * M . Note that as soon as there are two orbits G · x, G · x in M of different dimensions, their annihilators Ann T x (G · x) and Ann T x (G · x ) have different dimensions, so that Ω is not a vector bundle in that case. Further, let
where M (H) and (T * M )(H) denote the union of orbits of principal type in M and T * M , respectively. By Theorem 2.1, M reg is open in M , hence M reg is a smooth submanifold. We then define
M reg is a smooth manifold, since G acts with only one orbit type on M reg . Moreover, because the Riemannian metric g on M is G-invariant, it induces a Riemannian metric g on M reg . On the other hand, by Theorem 2.2, Ω reg is a smooth submanifold of T * M , and the quotient
possesses a unique differentiable structure such that the projection π : Ω reg → Ω reg is a surjective submersion. Furthermore, there exists a unique symplectic form ω on Ω reg such that ι * ω = π * ω, where ι : Ω reg → T * M denotes the inclusion and ω the canonical symplectic form on T * M . Consider now
The following lemma allows us to understand that induced symplectic structure on (T * M reg ∩ Ω reg )/G in more concrete terms.
Lemma 2.4 (Singular co-tangent bundle reduction).
Let ω denote the canonical symplectic form on the co-tangent bundle T * M reg . Then the two 2(n − κ)-dimensional symplectic manifolds
Remark 2.5. If M = M reg , the previous lemma simply asserts that T * (M/G) and Ω ⊂ (T * M )/G are isomorphic as symplectic manifolds.
Proof. First, we apply Theorem 2.2 once to the manifold T * M and once to the manifold T * M reg . Noting that the momentum map of the G-action on T * M reg agrees with the restriction of the momentum map of the G-action on T * M to T * M reg , we get that j * ω is the unique symplectic form on
where Π :
is the inclusion, and ω is the canonical symplectic form on T * M reg . The rest of the proof is now essentially the proof of the standard co-tangent bundle reduction theorem [24, Theorem 2.2.2] for the manifold M reg . A detailed proof of the present lemma is also given in [21] .
Semiclassical pseudodifferential operators.
In what follows, we shall give a brief overview of the theory of semiclassical pseudodifferential operators. For a detailed introduction, we refer the reader to [39, Chapters 9 and 14] and [10] . Semiclassical analysis developed out of the theory of ordinary pseudodifferential operators, a thorough exposition of which can be found in [32] . Let M be a smooth manifold of dimension n.
where T * U α is identified with V α × R n , and for an open subset E ⊂ R n one sets
The definition is independent of the choice of atlas, and we call an element of
Such operators are locally of the form
A symbol function may depend on the parameter h > 0. If this is the case, one requires that there is a h 0 > 0 such that the constants C 
]).
There is a C-linear map
which assigns to a semiclassical pseudodifferential operator its principal symbol. Moreover, for each choice of a covering {U α } α∈A of M and a partition of unity {ϕ α } α∈A subordinate to {U α } α∈A , there is a C-linear map called quantization, written
Any choice of such a map induces the same C-linear bijection
which means in particular that the bijection exists and is independent from the choice of covering and partition of unity.
We will write Op := Op 1 for the usual non-semiclassical quantization map, and we do not make a difference in our notation between the maps on the quotients (2.6) and the maps (2.4), (2.5) obtained by precomposition with the quotient projections. However, we will call an element in a quotient space S m (M )/ hS m−1 (M ) a principal symbol, whereas we call the elements of S m (M ) symbol functions, as introduced above. Operations on principal symbols such as pointwise multiplication with other principal symbols or smooth functions and composition with smooth functions are defined by performing the corresponding operations on the symbol functions. For a semiclassical pseudodifferential operator A, we will use the notation σ(A) = [a] to express that the principal symbol σ(A) is the equivalence class in
The following theorem says that from the linear isomorphisms of the preceding theorem for various m ∈ R we actually get an isomorphism of R-graded algebras. 
2.3.
Schrödinger operators on closed Riemannian manifolds and symmetries. In the following, let M be a connected closed Riemannian manifold with Riemannian volume density dM and L 2 (M ) the corresponding space of L 2 -integrable functions. Consider the Schrödinger operatoȓ
parametrized by h ∈ R >0 , where the symbol ∆ denotes the Laplace-Beltrami operator and V ∈ C ∞ (M, R) is identified with the operator given by pointwise multiplication with V . Note thatP (h) is essentially self-adjoint, hence it has a unique self-adjoint extension
in the Hilbert space L 2 (M ), the domain being the second Sobolev space, see [39, Theorem 14.7 i] . By continuity, P (h) is equivariant. We will call P (h) a Schrödinger operator, too, and use the same notation for P (h) andP (h) whenever the precise meaning can be inferred from the context. Let us collect a list of well known facts about the operator P (h). 
Note that (2.8) implies that all eigenspaces of P (h) are finite-dimensional since the eigenvalues are repeated in {E j (h)} j∈N according to their multiplicity. Theorem 2.9 ([39, Theorems 14.9 and 14.10]). Let S(R) denote the Schwartz space of rapidly decreasing functions, and let f ∈ S(R). Then, the operator f (P (h)) defined by the spectral theorem for unbounded self-adjoint operators is an element in Ψ
of trace class, and the principal symbol of
where
is the principal symbol of P (h), with τ : T * M →M denoting the co-tangent bundle.
Let us now assume that M carries certain symmetries in form of a connected compact Lie group G acting isometrically and effectively on M . It induces a unitary representation of G on L 2 (M ) given by
and called the left-regular representation. We will often just write gf for L g f . Clearly, we can define an action similar to (2.10) also on C ∞ (M ). Let G be the character ring of G, which we identify with the set of isomorphism classes of irreducible representations of G. An irreducible character χ ∈ G defines an equivalence class of irreducible unitary G-representations of dimension d χ = χ(e), where e ∈ G is the unit element. By the Peter-Weyl theorem, the left-regular representation (2.10) of G on L 2 (M ) decomposes orthogonally into isotypic components according to
where dg is the normalized Haar measure on G. For an operator A in L 2 (M ), we call
the reduced operator associated to the irreducible representation χ. Further, an operator A is called
If A is G-equivariant, it commutes with each projection T χ , so that A χ = AT χ = T χ A. Note that in general, the kernel of A χ is much larger than that of A because of the projection onto L 2 χ (M ). However, one can consider the restricted operator
which has the advantage over A χ that the dimension of the eigenspace of A |χ associated to an eigenvalue λ is not larger than the dimension of the eigenspace of A associated to λ.
In particular, if in the previous situation the potential
Measure spaces and group actions.
In what follows, we give an overview of the spaces and measures that will be relevant in the sequel. As before, let M be a connected closed Riemannian manifold of dimension n with Riemannian volume density by dM , carrying an isometric effective action of a compact connected Lie group G with Haar measure dg. Note that if dim G > 0, dg is equivalent to the normalized Riemannian volume density on G associated to any choice of leftinvariant Riemannian metric on G. If dim G = 0, dg is the normalized counting measure. Consider further T * M with its canonical symplectic form ω, endowed with the natural Sasaki metric. Then the Riemannian volume density d(T * M ) given by the Sasaki metric coincides with the symplectic volume form ω n /n!, see [19, page 537] . Next, if Ω := J −1 ({0}) denotes the zero level of the momentum map, we regard Ω reg ⊂ T * M as a Riemannian submanifold with Riemannian metric induced by the Sasaki metric on T * M , and denote the associated Riemannian volume density by dΩ reg . Similarly, let
As Ω, the space C is not a manifold in general. We consider therefore the space Reg C of all regular points in C, that is, all points that have a neighbourhood which is a smooth manifold. Reg C is a smooth, non-compact submanifold of T * M × G, and it is not difficult to see that
see e.g. [27, (17) ]. We then regard Reg C ⊂ T * M × G as a Riemannian submanifold with Riemannian metric induced by the product metric of the Sasaki metric on T * M and some left-invariant Riemannian metric on G, and denote the corresponding Riemannian volume density by d(Reg C). In the same way, if x ∈ M and η ∈ T * M are points, the orbits G · x and G · η are smooth submanifolds of M and T * M , respectively, and if they have dimension greater than zero, we endow them with the corresponding Riemannian orbit measures, denoted by dµ G·x and dµ G·η , respectively. If the dimension of an orbit is zero, it is a finite collection of isolated points, since G is compact, and we define dµ G·x and dµ G·η to be the counting measures. We will generally write vol and vol O for the function which assigns to an orbit and to a point in an orbit the volume of the orbit, respectively. Note that by definition we have vol > 0, vol O > 0 for all orbits, singular or not. An important property of the orbit measures is their relation to the normalized Haar measure on G. Namely, for any orbit G · x and any continuous function f : G · x → C, we have
and similarly for G · η with η ∈ T * M . We describe now the quotient spaces and measures on them that will be relevant to us. Letg be the Riemannian metric induced on M reg by the g-invariant metric g on M , and let d M reg be the corresponding Riemannian volume density. Regarding the co-tangent bundle T * M reg , we endow it with the canonical symplectic structure and let d(T * M reg ) be the corresponding symplectic volume form. Again, it coincides with the Riemannian volume form given by the natural Sasaki metric on T * M reg . Similarly, the symplectic stratum Ω reg will be endowed with the canonical symplectic form ω from Theorem 2.2, and d Ω reg = ω (n−κ) /(n − κ)! will denote the corresponding symplectic volume form.
One can then show that d Ω reg agrees with the Riemannian volume density defined by the Riemannian metric on Ω reg induced by the Riemannian metric on Ω reg , see Lemma A.1. Since orbit projections on principal strata define fiber bundles [3, Theorem IV.3.3], Lemma A.1 implies that dµ G·x and dµ G·η are the unique measures on the orbits in M reg and Ω reg such that
Next, hypersurfaces will be endowed with the measures induced by the measures on the ambient manifold, compare Lemma A.8. Thus, for a smooth proper function p : T * M → R with regular value c ∈ R, there is a canonical measure dΣ c on the hypersurface Σ c := p −1 ({c}), induced by the symplectic volume form on T * M , which in the case Σ c = S * M is called the Liouville measure and denoted by d(S * M ). Similarly, for S * M reg , the unit co-sphere bundle over M reg , the induced measure
is the Liouville measure, and for a general hypersurface Σ c := p −1 ({c}), where p is a smooth proper function Ω reg → R with regular value c and Ω reg is endowed with the measure d Ω reg , we denote the induced hypersurface measure by d Σ c . Furthermore, since the intersection is transversal, Σ c ∩ Ω reg is a smooth hypersurface of Ω reg , and therefore carries a measure µ c induced by dΩ reg . As the orbit projection Σ c ∩ Ω reg → Σ c is a fiber bundle, µ c fulfills
In what follows, we will use the orbit volume functions vol and vol O together with the previously defined measures to form new orbit normalized measures. This way we obtain on M/G the measure . These measures are of fundamental importance in this paper. Finally, for a measure space (X, µ) with µ(X) < ∞ and a measurable function f on X, we shall use the common notation
2.5. Oscillatory integrals with G-action dependent phase functions. As it will become evident in the ensuing sections, our results rely on the description of the asymptotic behavior of certain oscillatory integrals that were already examined in [27] while studying the spectrum of an invariant elliptic operator. Thus, let M be a Riemannian manifold carrying a smooth effective action of a connected compact Lie group G. Consider a chart γ : M ⊃ U → V ⊂ R n on M , and write (x, ξ) for an element in T * U U × R n with respect to the canonical trivialization of the co-tangent bundle over the chart domain. Let a µ ∈ C ∞ c (U × T * U × G) be an amplitude that might depend on a parameter µ ∈ R >0 , and consider the phase function
where ·, · denotes the Euclidean scalar product on R n . It represents a global analogue of the momentum map, and oscillatory integrals with phase function given by the latter have been examined in [28] in the context of equivariant cohomology. The phase function Φ has the critical set
and the central question in [27] is to describe the asymptotic behavior of oscillatory integrals of the form (2.17)
The major difficulty here resides in the fact that, unless the G-action on T * M is free, the considered momentum map is not a submersion, so that the zero set Ω of the momentum map and the critical set of the phase function Φ are not smooth manifolds. The stationary phase theorem can therefore not immediately be applied to the integrals I(µ). Nevertheless, it was shown in [27] that by constructing a strong resolution of the set
a partial desingularization Z : X → X := T * M × G of the critical set C can be achieved, and applying the stationary phase theorem in the resolution space, an asymptotic description of I(µ) can be obtained. More precisely, the map Z yields a partial monomialization of the local ideal I Φ = (Φ) generated by the phase function (2.16) according to
where E X denotes the structure sheaf of rings of X, σ j are local coordinate functions near eachx ∈ X and l j natural numbers. As a consequence, the phase function factorizes locally according to Φ • Z ≡ σ lj j ·Φ wk , and one shows that the weak transformsΦ wk have clean critical sets. Asymptotics for the integrals I(µ) are then obtained by pulling them back to the resolution space X, and applying the stationary phase theorem to theΦ wk with the variables σ j as parameters. As a consequence, one obtains Theorem 2.10. [27, Theorem 9.1] Let Λ be the maximal number of elements of a totally ordered subset of the set of isotropy types of the G-action on M . Then, as µ → ∞,
18)
where D l is a differential operator of order l. The expression Φ (x, ξ, g) N (x,ξ,g) Reg C denotes the restriction of the Hessian of Φ to the normal space of Reg C inside T * U × G at the point (x, ξ, g). In particular, the integral in (2.18) exists.
The precise form of the remainder estimate follows from the corresponding estimate in the generalized stationary phase theorem, see [27, Theorem 4.1 ]. This precise form will allow us to give remainder estimates also in the case when the amplitude depends on µ. Finally, let us note the following
where π χ| H : 1 denotes the multiplicity of the trivial representation in the representation of H given by the restriction of the irreducible G-representation π χ to H.
Proof. By using a partition of unity, the proof essentially reduces to the one of [8, Lemma 7] , which involves only local calculations. 
An equivariant trace formula
In this section, we shall prove a trace formula in the equivariant setting which will be crucial for all what follows. It is a generalization of [36, Theorem 3.1] to compact G-manifolds for Schrödinger operators. With the notation and setup as in the previous sections, let M be a connected closed Riemannian manifold with an effective and isometric action of a compact connected Lie group G, and consider the Schrödinger operatoȓ
V being a G-invariant potential, together with its unique self-adjoint extension
Its principal symbol is given by the h-independent symbol function p = ·
and as p is G-invariant, it defines a reduced symbol function p ∈ C ∞ ( Ω reg ) on the reduced space Ω reg . Next, recall from (2.11) the Peter-Weyl decomposition and that by the functional calculus for self-adjoint operators we can define for any ∈ C ∞ c (R) the operator (P (h)), which by Theorem 2.9 is a trace class operator in Ψ [39, Theorem 14.2] . Now, for a function a ∈ C(T * M ) consider the orbital integral
and let a G ∈ C(T * M/G) be the induced function on the quotient. We then have given by an h-independent symbol function b. Choose χ ∈ G and let ∈ C ∞ c (R). Then ( (P (h)) • B) χ is a trace class operator, and its trace satisfies the asymptotic estimate
where Λ is a natural number bounded by the number of orbit types, and (j) denotes the j-th derivative of . Furthermore, the integral in the leading term can also be written as´
Proof.
Step 1. By Theorem 2.8, P (h) has only finitely many eigenvalues E(h) 1 , . . . , E(h) N (h) in supp , and the corresponding eigenspaces are all finite-dimensional. By the spectral theorem,
where Π j denotes the spectral projection onto the eigenspace Eig (P (h), E j (h)) of P (h) belonging to the eigenvalue E j (h). Hence, (P (h)) is a finite sum of projections onto finite-dimensional spaces and, consequently, a finite rank operator, and therefore of trace class. It follows immediately that
Step 2. To compute the trace of ( (P (h)) • B) χ , recall that P (h) − z is invertible for z ∈ C − R, see [39, Lemma 14.6] , and that by the Helffer-Sjöstrand formula [39, Theorem 14.8] one has
where dz denotes the Lebesgue measure on C and˜ : C → C the almost analytic extension of defined in [39, Theorem 3.6] , while∂ z = (∂ s + i∂ t )/2. In what follows, we construct an approximation for (P (h) − z) −1 in the framework of ordinary pseudodifferential operators following the construction of the parametrix of a hypoelliptic operator in [32, Proof of Theorem 5.1]. Notice that our strategy follows the proof of the corresponding statement in the non-equivariant setting [39, Theorem 14.10], the major difference being that we have to consider approximations to (P (h) − z) −1 up to order
and let {ϕ α } α∈A be a partition of unity subordinate to {U α } α∈A . In the chart (U α , γ α ), the action of
where we wrote y = γ α (x), while g ij : V α → R are the local coefficients of the metric, g = det (g ij ), and (g ij ) denotes the inverse matrix of (g ij ). As a differential operator on V α , the local operator A α ∈ Ψ 2 (V α ) is a properly supported ordinary pseudodifferential operator with total symbol
In particular A α is elliptic, and therefore a hypoelliptic operator of class H 
since by the composition formula [32, Theorem 3.4] one has
Iteration yields with 
where Φ α and Φ α are the operators of multiplication with φ α and φ α , respectively, so that
Now, the kernels of Q . Therefore, the Helffer-Sjöstrand-formula implies that up to terms of order h
Similarly, up to terms of order h ∞ ,
where Q k and R N +1 are global operators corresponding to the operators Q k α and R N +1 α , respectively. Step 3. We examine now the h-dependence of the introduced operators. Thus, let r k α (z) be the symbol of the local operator R k α . Then (3.4) implies that for each N ∈ N, N ≥ k, there is an expansion
with explicitly given coefficients c k α,l,j ∈ C ∞ (V α × R n ) that are independent of z and h. With similar arguments as above, we obtain for the local symbol q
where, again, the coefficients d
are independent of z and h. The complex number z is just a parameter, that is, a constant with respect to the occurring derivatives. Note that for each (y, η) ∈ V α × R n and j ∈ N, the function C − R → C, z → (p α (y, η) − z) −j , is analytic since p α (y, η) is real. As a consequence, we get -by the linearity of the symbol calculus -for the symbol q 
As in [39, Proof of Theorem 14.8], we can evaluate the complex integrals explicitly using Stokes' theorem and the Cauchy integral formula. Thus,
where B ε (t) ⊂ C denotes the disk with center t and radius ε.
In particular, since • p α has compact support in η, one sees that q k α is rapidly falling in η. Thus, for each k ∈ N, the operator Q k is an element of Ψ −∞ (M ). Regarding the operator R N +1 , note that by the symmetry of P (h) one has ( 
The same reasoning applies to the contributions to Q k coming from the remainder terms of order h 2N +2 in (3.7). Let us now examine the composition of (P (h)) with B. If B loc ∈ Ψ 0 (V α ) denotes a properly supported ordinary pseudodifferential operator, (3.5) yields
By the composition formula, the symbol of Q k α (z) • B loc has an analogous expansion to that of q k α , and we can repeat all our previous considerations. In particular,
B being a bounded operator in L 2 (M ). Collecting everything together we have established that up to terms of order h ∞ we have
for each N , where the T N +1 are bounded operators satisfying
and the S k ∈ Ψ −∞ (M ) are ordinary pseudodifferential operators on M with local symbols of compact support and independent of h and . The operator Op h (( • p) b) is an element of Ψ −∞ (M ), and by Theorems 2.7 and 2.9 we have (P (h))
. Thus, for arbitrary N ∈ N and f ∈ C ∞ (M ) we have that up to terms of order h
each s k α being independent of h and . Note that s α is compactly supported in ξ, since • p is.
Step 4. We can now compute the trace of the reduction of the localized operator Φ α • (P (h))•B•Φ α to the χ-isotypic component. Using (2.12) and (3.9) we obtain for f ∈ C ∞ (M ) up to terms of order h
Note that the integrands are compactly supported and that the remainder operator T N +1 in (3.8) has a smooth Schwartz kernel, since we observed that
where J α (x, g) is the Jacobian of the substitution x = g · x , and N ∈ N is arbitrary. We are now prepared to use our last major tool, Theorem 2.10. For this, define u
Then (3.11) and Theorem 2.10 imply for each N ∈ N the estimate
l is a differential operator of order l, and Φ (x, ξ, g) N (x,ξ,g) Reg Cα denotes the restriction of the Hessian of Φ(x, ξ, g) = γ α (x) − γ α (g · x), ξ to the normal space of Reg C α inside T * U α × G at the point (x, ξ, g). Note that the domain of integration contains only such g and x for which we have g · x = x, so that the integral simplifies to (3.14)
Here we used that J α (x, g) = 1 in the domain of integration, since the substitution x = g · x is the identity when g · x = x, and that ϕ α ≡ 1 on supp ϕ α . By Lemma 2.11 this simplifies further to x, ξ) ) .
Step 5. To finally calculate the trace of ( (P (h)) • B) χ , note that by definition supp (1 − ϕ α ) ∩ supp ϕ α = ∅. As already noted, a fundamental property of a semiclassical pseudodifferential operator is that outside the diagonal its kernel is smooth and the supremum norm of the kernel is rapidly decreasing in h. Therefore, .16) is trace class since it has a smooth kernel, and its trace is of order h ∞ . Consequently, for each N ∈ N we have
by invariance of the operator trace under cyclic permutations. Therefore, (3.13) and (3.17) together lead to 
for suitable constants c i > 0. From (3.18) and (3.19) we conclude that
Finally, (3.15) implies that for each x, ξ) ) .
Absorbing the second term on the right hand side into the remainder estimate we finally obtain with
Taking into account (2.12) and (2.14), the G-invariance of p implieŝ
and the assertion of the theorem follows.
Generalized equivariant semiclassical Weyl law
We are now in the position to state and prove a generalized semiclassical Weyl law for Schrödinger operators in the equivariant setting. 
where [π χ| H : 1] denotes the multiplicity of the trivial representation in the H-representation π χ|H and Λ ∈ N is bounded by the number of orbit types. Furthermore, the integral in the leading term equalś
Proof. The proof is an adaptation of the proof of [39, Theorem 15 .3] to our situation, but with a sharper energy localization. For simplicity, we shall also write u j (h) = u j and E j (h) = E j in the following, but it is essential to keep in mind that these objects depend on h. To begin, let h > 0 and 0 < ε < 
Note that the operators f ε,h −β (P (h)), g ε,h −β (P (h)), Π χ and arbitrary, multiple compositions of these operators with T χ or B are finite rank operators. For that elementary reason, all operators we consider in the following are trace class. In particular, by (4.3) we have
Next, we estimate R ε,h −β using the trace norm
are the eigenvalues of the self-adjoint operator
, see e. g. [39, p. 337] . By the functional calculus this implies
where we set v ε,
In particular, v ε,h −β is non-negative. By the spectral theorem, v ε,h −β (P (h)) is a positive operator. T χ is a projection, hence positive as well. It follows that v ε,h −β (P (h)) χ is positive as the composition of positive operators. For a positive operator, the trace norm is identical to the trace. Therefore (4.5) implies
From our knowledge about the supports of f ε and g ε , we conclude that
Now, by Theorem 3.1 with B = id L 2 (M ) and (4.2) we conclude
On the other hand, applying Theorem 3.1 to the first summand on the right hand side of (4.4) yields
Combining this with (4.4) leads to
Furthermore, by (4.6), and (4.8), ([a, b] )/G. The latter space carries the quotient topology, and in particular is compact. It follows that
carries the subspace topology, also Ω reg ⊂ T * M/G carries the subspace topology. Therefore,
is in fact a compact subspace of Ω reg . Thus, we have established that the reduced symbol function p is a proper map. Next, note that by Lemma A.8 we have
and with Σ c = p
Using the last two estimates together with (4.10) in (4.9) yields
If we now put ε = h 1 2(κ+2) −β , and take into account (2.12) and (2.15), the assertion of the theorem follows.
As consequence of the previous theorem we obtain in particular 
We close this section with the following elementary 3 In fact, we could get an even sharper estimate if we also took into account that vol supp v ε,h −β ∼ ε.
Corollary 4.3. Let c ∈ R be as in Theorem 4.2 and β ∈ 0, 1 2(κ+2) . Then, for each χ ∈ G there is a h χ > 0 such that for all h ∈ (0, h χ ) (4.12)
Proof. Since c is a regular value of p, Σ c = p −1 ({c}) is a non-degenerate hypersurface of Ω reg , which implies that vol d Σc Σ c > 0. Consequently, the leading term on the right hand side of (4.11) is non-zero. If the claim did not hold, we could find a sequence (h k ) k∈N ⊂ R >0 , converging to zero, such that the left hand side of (4.11) would be zero for all k ∈ N, a contradiction.
Symmetry-reduced classical ergodicity
This section is devoted to the study of classical ergodicity in the presence of symmetries within the framework of symplectic reduction. As we already mentioned, the latter is based on the fundamental fact that the presence of conserved quantities or first integrals of motion leads to the elimination of variables, and reduces the given configuration space with its symmetries to a lower-dimensional one, in which the degeneracies and the conserved quantitites have been eliminated. In particular, the Hamiltonian flows associated to G-invariant Hamiltonians give rise to corresponding reduced Hamiltonian flows on the different symplectic strata of the reduction. Therefore, the concept of ergodicity can be studied naturally in the context of symplectic reduction, leading to a symmetry-reduced notion of ergodicity.
Recall that, in general, a measure-preserving transformation T : X → X on a finite measure space (X, µ) is called ergodic if T −1 (A) = A implies µ(A) ∈ {0, µ(X)} for every measurable set A ⊂ X. Consider now a connected, symplectic manifold (X, ω) with a global Hamiltonian action of a Lie group G, and let J : X → g * , J(η)(X) = J X (η) be the corresponding momentum map. As already noted in Section 2.1, for each X ∈ g the function J X is a conserved quantity for any G-invariant function p ∈ C ∞ (X, R), so that {J X , p} = 0. This implies that for any value µ of J, the fiber J −1 ({µ}) is invariant under the Hamiltonian flow of p, which means that J fulfills Noether's condition. In particular, the preimage under J of any open proper subset in J(X) will be an open proper subset in X that is invariant under the Hamiltonian flow of p, so the latter cannot be ergodic with respect to the induced Liouville measure on Σ c := p −1 ({c}) for any c ∈ R being a regular value of p. Let now p and µ be fixed, K ⊂ G an isotropy group of the G-action on X, and η ∈ J −1 ({µ}). With the notation as in Theorem 2.2, let c ∈ R, and put Σ
the almost complex structure determined by ω (K) µ and g, so that ( Ω (K) µ , J , g) becomes an almost Hermitian manifold. We then make the following Assumption 1. c is a regular value of p
Note that this assumption is implied by the condition that for all
Indeed, assume that there exists some
µ,c is a stationary point for the reduced flow, so that ϕ µ t ([ξ]) = [ξ] for all t ∈ R. By the fourth assertion in Theorem 2.2, this is equivalent to π µ,c and any measurable set E ⊂ S with ϕ µ t (E) = E, one has ν
µ,c (S). We can now formulate Theorem 5.1 (Symmetry-reduced mean ergodic theorem). Let Assumption 1 above be fulfilled, and suppose that the reduced flow ϕ µ t is ergodic on Σ
we have
f dν
with respect to the norm topology of
µ,c , dν
µ,c , where
Proof. The proof is completely analogous to the existing proofs of the classical mean ergodic theorem, compare e.g. [39, Theorem 15.1] .
In all what follows, we shall be interested mainly in the case where X = T * M is the co-tangent bundle of a G-manifold M , µ = 0, and K = H is given by a principal isotropy group. We shall therefore use the simpler notation
As a special case of Theorem 5.1 we get the following Theorem 5.2. Let c ∈ R be a regular value of the symbol function p. Suppose that the reduced flow
Next, we examine the relation between classical time evolution and symmetry reduction.
holds. Now, we apply this result to the case Φ = ϕ t , where ϕ t is the Hamiltonian flow associated to the symbol function p of the Schrödinger operator. If i : Ω reg → T * M denotes the inclusion and π : Ω reg → Ω reg the projection onto the G-orbit space, Theorem 2.2 4.) says that π
where we used that i • ϕ t • i = ϕ t • i holds as ϕ t leaves Ω reg invariant. Since π is surjective, we have shown Lemma 5.3. Let a ∈ C ∞ (T * M ) and ϕ t be the flow on T * M associated to the Hamiltonian p. Let ϕ t be the reduced flow on Ω reg associated to p. Then time evolution and reduction commute:
Equivariant quantum ergodicity
We are now ready to formulate our first quantum ergodic theorem based on symmetry reduction. Theorem 6.1 (Integrated equivariant quantum ergodicity) . Consider a compact connected Lie group G acting effectively and isometrically on a closed connected Riemannian manifold M . Let {u j (h)} j∈N be a Hilbert basis in L 2 (M ) of eigenfunctions of a Schrödinger operator P (h) with Ginvariant symbol function p, and denote the eigenvalue associated to u j (h) by E j (h). Let c ∈ R be a regular value of p, and suppose that the reduced flow ϕ t corresponding to the reduced symbol function p is ergodic on Σ c := p −1 ({c}). Let A ∈ Ψ 0 h (M ) be a semiclassical pseudodifferential operator with principal symbol σ(A) = [a], such that a is independent of h. Then, for each χ ∈ G and β ∈ 0, 1 2(κ+2) ,
The integral in (6.1) can also we written as ffl
Proof. We shall adapt the existing proofs of quantum ergodicity to the equivariant situation, following mainly [39, Theorem 15.4] and also [12, Theorem 5 in Appendix D]. For simplicity, we shall again write u j (h) = u j and
Without loss of generality we may assume for the rest of the proof that h is small enough so that
where a G was defined in (3.2). Note that by Theorems 2.9 and 2.7 we have B ∈ Ψ −∞ h (M ). Furthermore, by Theorem 2.7
Next, we define
By the spectral theorem, (
Taking into account the self-adjointness of (P (h)) one sees that
Consequently, we will be done with the proof if we can show that
We proceed by defining the time evolution operator
which by Stone's theorem is a well-defined bounded operator. One then sets
In order to make use of classical ergodicity, one notes that the expectation value
is actually time-independent. This implies
where we set
L 2 (M ) = 1 and the CauchySchwarz inequality one arrives at
We therefore conclude from (6.4) that
Next, let B(t) be a representant of the equivalence class Op h (σ(B) • ϕ t ). By the weak Egorov theorem [39, Theorem 15.2] one has
which implies (6.8)
. From the definition of B we get
Furthermore, the symbol map is a * -algebra homomorphism from Ψ
, with involution given by the adjoint operation and pointwise complex conjugation on representants, respectively. That leads to
Now, note that by Lemma 5.3
which is where the transition from the flow ϕ t to the reduced flow ϕ t takes place. Since the symbol function
is independent of h, we can apply the equivariant generalized Weyl law, Theorem 4.1, which together with (6.9) yields 
. By the equivariant semiclassical Weyl law, Theorem 4.2, the factor in front of the O(h)-estimate is convergent and therefore bounded as h → 0. Thus, (6.11) lim sup
This is now the point where symmetry-reduced classical ergodicity is used. Since b c fulfills ffl
Because the left hand side of (6.11) is independent of T , it follows that it must be zero, yielding (6.6).
Remark 6.2. Note that one could have still exhibited the Weyl remainder estimate in (6.11) . But since the rate of convergence in Theorem 5.2 is unknown in general, it is not possible to give a remainder estimate in Theorem 6.1 with the methods employed here. 
The proof of this relies on a corresponding semiclassical Weyl law for the interval [r, s]
which is proven analogously to Theorem 4.1. The point is that for this weaker statement no remainder estimate in Weyl's law is necessary, since the rate of convergence h n−κ is the one of the leading term in Weyl's law. Thus, in principle, this weaker result could have also been obtained using heat kernel methods as in [11] or [6] . Nevertheless, for the stronger version of equivariant quantum ergodicity proven in Theorem 6.1, remainder estimates in Weyl's law, and in particular the results of [27] , are necessary due to the lower rate of convergence h n−κ−β .
In what follows, we shall use our previous results to prove a symmetry-reduced quantum ergodicity theorem for Schrödinger operators. Again, remainder estimates in Weyl's law, and in particular the results of [27] , are necessary.
Theorem 6.4 (Equivariant quantum ergodicity for Schrödinger operators). With the notation and assumptions as in Theorem 6.1, let χ ∈ G, β ∈ 0, 1 2(κ+2) be fixed, and set
given by an h-independent symbol function a the following holds. For all ε > 0 there is a h ε ∈ (0, h 0 ] such that
where the integral in (6.13) equals ffl
Remark 6.5. Note that the limit in (6.13) does not contain any representation theoretic quantity, contrasting with the form of the leading term in the equivariant Weyl law of Theorem 4.1.
Proof. For simplicity, we shall again write u j (h) = u j and E j (h) = E j in the following. By 
Due to the choice of the function τ we have τ (P (h)) (u j ) = u j for all u j with E j ∈ [c, c + h β ]. Consequently, (6.14) implies that for all ε > 0 there is h ε ∈ (0, h 0 ) such that
and we obtain the statement of the theorem for general A. We are therefore left with the task of proving (6.14) for arbitrary operators B with α(b) = 0, and shall proceed in a similar fashion to parts 1 -5 of the proof of [39, Theorem 15.5] , pointing out only the main arguments. By Theorem 6.1 we have for fixed B h n−κ−β
r(h)}, and verifies that (6.14) is fulfilled for these particular Λ χ (h) and B by taking into account Theorem 4.2. Consider now a family {A k } k∈N of semiclassical pseudodifferential operators in Ψ 0 h (M ) whose principal symbols are given by h-independent symbol functions. By our previous considerations, for each k there is a sequence of subsets Λ χ k (h) ⊂ J χ (h) such that (6.12) and (6.13) hold for each particular A k and Λ χ k (h). One then shows that for sufficiently small h there is a sequence of subsets Λ
Hence, the theorem is true for countable families of operators. To obtain it in general, one constructs a sequence of operators {A k } k∈N whose symbols σ(A k ) = [a k ] are given by h-independent symbol functions a k , and which is dense in
, a is h-independent} 4 Note that we do not need Zworski's technical condition that the value of the integral ffl in the sense that for given A ∈ Ψ −∞ h (M ) and ε > 0 there exists a k such that
for sufficiently small h. To construct the sequence {A k } k∈N , note that for two symbol functions a and b and the corresponding quantizations A and B, one has
Consequently, we only need to find a sequence in S −∞ (M ) of h-independent symbol functions {a k } k∈N , such that for each symbol function a whose equivalence class in S −∞ (M )/ (hS −∞ (M )) is the principal symbol of a pseudodifferential operator in P, we have for each ε > 0 an index k ∈ N satisfying
To define such a sequence, note that C 
for which statements analogous to (6.12) and (6.13) hold. The more general version follows directly from Theorem 6.4 and the observation that the union of a finite family of density 1 subsequences {u
For details, see [21] .
Equivariant quantum limits for the Laplace-Beltrami operator
We shall now apply the semiclassical results from the previous section to study the distribution of eigenfunctions of the Laplace-Beltrami operator on a closed connected Riemannian G-manifold M in the limit of large eigenvalues, G being a compact connected Lie group acting isometrically and effectively on M . In what follows, let ∆ be the unique self-adjoint extension of the Laplace-Beltrami operator∆ on M , and choose an orthonormal basis {u j } j∈N of L 2 (M ) of eigenfunctions of −∆ with corresponding eigenvalues {E j } j∈N , repeated according to their multiplicity. Consider further the Schrödinger operatorP (h) = −h 2∆ + V with V ≡ 0 and principal symbol defined by the symbol function p = · 2 T * M . Clearly, each c > 0 is a regular value of p. The self-adjoint extension ofP (h) is given by P (h) = −h 2 ∆ and each u j is an eigenfunction of P (h) for each h > 0 with eigenvalue E j (h) = h 2 E j . Furthermore, under the identification T * M T M given by the Riemannian metric, the Hamiltonian flow ϕ t induced by p corresponds to the geodesic flow of M . Since V ≡ 0, the dynamics of the reduced geodesic flow ϕ t are equivalent on any two hypersurfaces Σ c and Σ c . In the following, we therefore choose c = 1 without loss of generality. That means we will call the reduced geodesic flow ergodic if it is ergodic on Σ 1 = p −1 ({1}). We are now prepared to state and prove an equivariant version of the classical Shnirelman-ZelditchColin-de-Verdière quantum ergodicity theorem [31, 37, 9] . 
where we wrote µ for µ 1 .
Remark 7.2. The integral in (7.1) can also be written as ffl
is the function corresponding to s G under the diffeomorphism Σ 1 S * M reg up to a null set Proof. First, we extend s to a function s ∈ S 0 (M ) ⊂ C ∞ (T * M ) with s| S * M = s as follows. Set s(x, ξ) := s(x, ξ/ ξ x ) for x ∈ M , ξ ∈ T * x M − {0}. Choose a small δ > 0 and a smooth cut-off function ϕ :
Because s is polyhomogenous of degree 0 and therefore independent of |ξ| for large ξ, the ordinary non-semiclassical quantization Op(s) differs only by an operator in
Thus, we can apply Theorem 6.4 to P (h) = −h 2 ∆, and we are allowed to replace Op h (s) by Op(s) in the results. As in Theorem 6.4, fix some β > 0, and let {E χ j } j∈N be the eigenvalues associated to the eigenfunctions {u
By Theorem 6.4, there is a number h 0 > 0 together with subsets
and for each s ∈ C ∞ (S * M ) and arbitrary ε > 0 there is a h ε ∈ (0, h 0 ] such that
Now, due to the discreteness of the set {E χ j } j∈N in R, it is possible to find a strictly decreasing sequence
Writing {j k } k∈N := Λ χ we deduce from (7.2) that
We now have the following Lemma 7.3. Let (a n ) n∈N and (b n ) n∈N be sequences of real numbers such that 0 < a n ≤ b n for all n, and lim inf n→∞ b n > 0, lim n→∞ an bn = 1. Then 
We therefore conclude
and the lemma follows.
With the previous lemma we deduce from (7.5) the equality
In view of (7.4), this is equivalent to
and directly implies
where we took into account that {E 
From Theorem 6.4 and (7.3) we therefore conclude that the sequence {u
} k∈N fulfills (7.1), completing the proof of Theorem 7.1.
Recall that a sequence of measures µ j on a metric space X is said to converge weakly to a measure µ, if for all bounded and continuous functions f on X one haŝ
Projecting from S * M ∩ Ω reg onto M we now obtain
In particular, the function
is a G-invariant element of C ∞ (M ) that is independent of the choice of orthonormal basis, and the left hand side of (7.8) is independent of the choice of a.
Proof. Since the left hand side of (7.8) is clearly G-invariant, smooth, and independent of the choice of orthonormal basis, it suffices to prove (7.8). Now, one has a = dχ j=1 a j v j with a j ∈ C, dχ j=1 |a j | 2 = 1, and
where {c jk } 1≤j,k≤dχ denote the matrix coefficients of the G-representation on V . This yieldŝ
and we obtain (7.8) by taking into account the Schur orthogonality relations [20, Corollary 1.10]
and the fact that the substitution g → g −1 leaves the Haar measure invariant.
We can now restate Corollary 7.5 in representation-theoretic terms.
Theorem 7.7 (Representation-theoretic equidistribution theorem). Let G be a compact connected Lie group, and M a closed connected Riemannian manifold on which G acts effectively by isometries. Assume that the reduced geodesic flow is ergodic and choose χ ∈ G. By the spectral theorem, choose an orthogonal decomposition L 
Proof. Let {u 
and by Lemma 7.6,
Let now {i k } k∈N be the sequence of those indices i occurring in (7.11), without repetitions. Then
Passing to the limit m → ∞ we obtain
where the final equality holds because {u χ j k } k∈N has density 1 in {u χ j } j∈N . This concludes the proof of the theorem.
Note that Theorem 7.7 is a statement about limits of representations, or multiplicities, in the sense that it assigns to each irreducible χ-isotypic G-module in L 2 (M ) a measure on M/G, and then considers the limiting measure. Remarkably, no more explicit mention is made to eigenfunctions of the Laplacian. Of course, one can also formulate a version of Theorem 7.7 which explicitly involves the eigenfunctions of the Laplace-Beltrami operator by taking for Θ χ i the function Θ
where the sum runs over the eigenfunctions of −∆ spanning the G-module V χ i .
Applications
In what follows, we apply our results to a few concrete situations where a closed connected Riemannian manifold carries an effective isometric action of a compact connected Lie group such that the principal orbits are of lower dimension than the manifold, and the reduced geodesic flow is ergodic.
8.1.
Compact locally symmetric spaces. Let G be a connected semisimple Lie group with finite center and Γ a discrete uniform subgroup. Consider a maximal compact subgroup K of G, and choose a left-invariant metric on G given by an Ad (K)-invariant bilinear form on the Lie algebra g of G.
Since Γ is a uniform lattice, M = X := Γ \ G is a closed manifold, and by requiring that the projection G → X is a Riemannian submersion, we obtain a Riemannian structure on X. K acts on G and on X from the right in an isometric and effective way, and the isotropy group of a point Γg ∈ X is conjugate to the finite group gKg −1 ∩ Γ. Hence, all K-orbits in X are either principal or exceptional. Since the maximal compact subgroups of G are precisely the conjugates of K, exceptional K-orbits arise from elements in Γ of finite order. Let us now assume that Γ has no torsion, meaning that no non-trivial element γ ∈ Γ is conjugate in G to an element of K. In this case, there are no exceptional orbits, the action of Γ on G/K is free, and Y := Γ\G/K becomes a smooth manifold of dimension n − d, where n = dim X and d = dim K.
Let J : T * X → k * be the momentum map of the K-action on Γ\G. The orbit space Y is a closed manifold with negative sectional curvature inherited from G/K. Consequently, its geodesic flow is ergodic. Furthermore, by co-tangent bundle reduction T * Y is symplectomorphic to J −1 ({0})/K, compare Lemma 2.4. Since the measures on these spaces are given by the corresponding symplectic forms, the reduced geodesic flow on J −1 ({0})/K is ergodic, and our results apply. Indeed, Theorem 7.1 and Corollaries 7.4, 7.5 imply Proposition 8.1. Let ∆ be the Laplace-Beltrami operator on X, χ ∈ K, and let {u the hypersurface Σ c corresponds to an ellipse with radii determined by c, as illustrated in Figure  8. 2. Let now G · (x, ξ) ∈ Σ c . Since ξ ∈ T x (G · x) ⊥ , the geodesic flow ϕ t transports (x, ξ) around curves in T * M that project onto meridians through N and S, so that the reduced geodesic flow ϕ t (G · (x, ξ) ) ≡ G · ϕ t (x, ξ) through G · (x, ξ) corresponds to a periodic flow around the ellipse Σ c . Consequently, the only subsets of Σ c which are invariant under ϕ t are the whole ellipse and the empty set, implying that the reduced flow ϕ t on Σ c is ergodic for arbitrary c > 0.
Next, let us check what happens for a general compact connected Lie group G. Due to the definition of SG and its G-action, it is clear that SG/G is homeomorphic to [−1, 1] and, due to (8.1) , that Ω reg is diffeomorphic to R 2 \{(0, 1), (0, −1)} whenever SG is a smooth manifold, so that we always obtain not only an analogous but essentially the same picture as depicted in Figure 8.2 . Hence, for G = S 3 , the reduced geodesic flow is given by a periodic flow around an ellipse, and therefore ergodic.
We shall now apply our results to a surface of revolution diffeomorphic to the 2-sphere. Thus, let M ⊂ The irreducible representations of SO(2) S 1 = {e iϕ , ϕ ∈ [0, 2π)} ⊂ C are all 1-dimensional, and given by the characters χ k (e iφ ) = e −ikφ , k ∈ Z. Thus, each subspace C · e lm corresponds to an irreducible representation of SO (2) Here, dM R is to be understood as the extension by zero of the smooth measure dM (φ, θ)/R(φ, θ) from {(φ, θ), θ ∈ (0, L)} to {(φ, θ), θ ∈ [0, L]}, and we used that vol dM R M = L. In particular, the obtained quantum limit on M is, up to a constant, related to the Riemannian volume density on M by the reciprocal of the distance function R, which tends to infinity towards the poles. This is illustrated in Figure 8 .3, where the function 1/R is plotted on a surface of revolution. Physically, one can interprete this result as follows. For each symmetry type, corresponding to an isotypic component of L 2 (M ), there is a sequence of quantum states such that the corresponding sequence of probability densities on M converges weakly and with density 1 in the high-energy limit to the probability density of finding within a certain surface element of M a classical particle with known energy and zero angular momentum with respect to the z-axis, but unknown momentum.
We do not know whether the results (8.4) and (8.5) are known for general surfaces of revolution. In the simplest case of the standard 2-sphere with the round metric, the eigenfunctions are explicitly known, and we show in the following that (8.4) is in agreement with the classical theory of spherical harmonics. In fact, we will see that one does not need to pass to a subsequence of density 1. The eigenvalues of −∆ on S 2 are given by the numbers l(l + 1), l = 0, 1, 2, 3 . . . , and the corresponding eigenspaces E l are of dimension 2l + 1. They are spanned by the spherical harmonics 
